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HYPERSONIC LAMINAR VISCOUS INTERACTION EFFECTS
ON THE AERODYNAMICS OF TWO-DIMENSIONAL WEDGE
AND TRIANGULAR PLANFORM WINGS

By Mitchel H. Bertram
Langley Research Center

SUMMARY

Solutions have been obtained of the effect of viscous interaction not only on the pres-
sure and skin friction but also on the aerodynamic forces of a sharp-leading-edge flat sur-
face. The analysis assumes the applicability of laminar-hypersonic-local-similarity-
boundary-layer theory in a perfect gas with Prandtl number unity and a constant ratio of
specific heats. The results are presented in the form of correlation graphs which cover
a large range of plate incidence and viscous interaction parameter and allow the effects
of viscous interaction to be readily determined. Computations are shown for ratios of
specific heats of 7/5 and 5/3 and, for the aerodynamic forces, both the two-dimensional
wing and the triangular planform wing are considered. The results indicate that the effect
of viscous interaction can reduce the lift-drag ratio significantly.

INTRODUCTION

Utilizing laminar-hypersonic-local-similarity-boundary-layer theory yields rela-
tively simple solutions in correlation form and allows the pressure, skin friction, and
aerodynamic coefficients for sharp plates or wedges to be obtained. The analysis which
follows is based on the work presented in references 1 and 2 and applies for Prandtl num-
ber unity in a perfect gas with a constant ratio of specific heats. In earlier papers by the
present author and his coworkers (refs. 2 and 3), the effect of angle of attack on the
boundary-layer-displacement-induced pressures was taken into account by assuming the
boundary layer grows in the inviscid flow behind the plane shock produced by the plate.
With this approach it was found that the viscous effects on lift and drag essentially can-
celed and the lift-drag ratio was relatively unaffected by displacement effects. White,
however, has shown the more n€arly correct approach is to consider the flow to be dis-
placed by both the plate inclination and the boundary layer. (See ref. 4.) In this case the
foregoing effect on lift-drag ratio cannot be assumed to apply and the calculation of the
effect on surface pressure, skin friction, and aerodynamic forces on a flat plate or wedge
is the subject of this paper.
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SYMBOLS
constant in expression for K, (see eq. (4))
coefficients in approximation for fv'V' (see eqgs. (33))
local streamwise chord of triangular planform wing
root chord of plate with triangular planform
coefficient in linear formula for viscosity (see eqs. (A4) to (A6))
chord force coefficient due to pressure
drag coefficient
local skin-friction coefficient
average skin-friction coefficient
lift coefficient

moment coefficient about leading edge of flat plate or apex of delta planform
wing (M/qSL), Cm,a = M/qScyr

normal-force coefficient

= dCN/da

shear stress function

function of wall temperature and specific heat ratio in laminar-boundary-
layer growth equation (see appendix A)

total effective flow deflection angle in hypersonic similarity form, KO + K6

angle of plate surface relative to free stream in hypersonic similarity form
positive for windward facing surface, negative for leeward facing

surface, M_?6



ael|

Hill

coefficient in laminar-hypersonic-~local-similarity-boundary-layer theory
local skin-friction equation (see eq. (31))

coefficient in hypersonic-similarity-theory-laminar-boundary-layer growth
equation (see eq. (4))

angle of attack of wing in hypersonic similarity form, M_o

local inclination of boundary layer with respect to plate surface in hypersonic
similarity form, M_04 =M_dd/dx

length of plate

lift-drag ratio

moment

free-stream Mach number

short notation for value of (P - Pg)/X as X =

Prandtl number

exponent in power-law variation of surface pressure with surface distance
ratio of local surface pressure to free-stream static pressure

ratio of inviscid surface pressure to free-stream static pressure

ratio of average pressure on one side of plate of length L to free-stream
static pressure

ratio of average pressure on one side of plate of triangular planform with
root chord c, tofree-stream static pressure

dynamic pressure

Reynolds number



Subscripts:

planform area of wing

temperature (absolute)

streamwise distance on plate measured from leading edge
x~-location of center of pressure

angle of attack of wing

pressure gradient parameter in transformed plane of laminar-boundary-
layer similarity theory

ratio of specific heats

boundary-layer thickness

angle of inclination of surface relative to free-stream flow
viscous interaction parameter, G)'(/ 2

dynamic viscosity

fluid density

half-angle of wedge section airfoil

viscous interaction parameter, M3 \/'C/‘/RQ’L

based on root chord
lower surface of wing
based on length L

two-dimensional case without viscous interaction effects



T adiabatic wall

t stagnation

T total (including both surfaces of wing)

u upper surface of wing

w wall

X based on distance X

0 based on undisturbed free-stream conditions
A triangular planform

lim limiting value

max maximum

ANALYSIS

Pressure Distribution

Basic to this analysis is a solution for the pressure distribution on a plate at arbi-
trary angle of attack. The inclination of the plate surface in hypersonic similarity form
is M_60(=Ky) and the local inclination of the boundary layer with respect to the plate sur-
face is Mooﬁfr(EKa)- Thus, since the effective turning angle of the fluid is assumed to be
the sum of these two angles, in hypersonic similarity form K=K, + Ké' The relation
K; is given by equation (7) of reference 2 as

K4 63 x dP
K, = —= X (1 s X __.>
Vp 2 2P dy

This relation can be more generally written (so that calculations are independent of

wall temperature ratio) as

) A dP
K,=K, ~(1+25= 1
67 4 \/13< “op dh) M
where A is the notation of reference 4 for Gy/2 and G is a simple function of wall
temperature and specific heat ratio to be given later. The solution of equation (1) requires

a relationship between P and K and this relationship is assumed to be given by the
hypersonic similarity shock and expansion equations (tangent wedge theory):
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Y+ 4 4 4
2y
- 1.\r-1 2
p=1+L2_K> (—-—-—l-éKéO;OéP-S-l) (3)
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and for K = - 2 it is assumed that P = 0. Based on the values for the boundary-
layer-growth cgefficient K, egiven in figure 1 of reference 2 (modified from those given
in ref. 1), K, is approximated by

Ky=1+an (4)

where n is the local exponent in a power law fit to the surface pressure variation given
by n=-(AdP/d:) / 2P and a is assumed to be independent of wall temperature ratio

with values as follows: for y=%/5, a=-0.19;for y=5/3, a=0.

To obtain the pressure distribution the system of equations (1), (2) or (3), and (4)
has to be solved. Such solutions were previously obtained by iteration in reference 2 for
certain simple cases but in the present case were made on a high-speed digital computer
and some details of this solution are given in appendix A.

An exact closed form solution is obtainable, however, in the limitas X - 0
where dP/dx = (P - Pg)/x = (AP/dK) dKﬁ/dX. Then from equation (1), de/dA - 1/,/P0.
For a windward-facing plane surface, equation (2) is utilized and the result is

y+1 )2
(s,

1+(7“"1K)2
\/ 4 0

where P, is obtained from equation (2) with K=K, For K, =0, equation (5) reduces
to (P - Py)/x=vy andfor Kg=,the resultis (P - Po)/ = \2y(y + 1).

In the case of a plane leeward surface, with equation (3) the solution is

(Ko 20) (5)

4P _P-Po) _ y |gy+1 1 (Ll )2
(dh— l/x:o \/ﬁ;24Ko+ + 4K0+

ap_P-P _( y -1 )ﬁ <_ 2 . <>
PN

where K, is taken as positive for windward surfaces and negative for leeward surfaces.
Accurate values from equations (5) and (6) and the inviscid pressure ratios from



equations (2) and (3) are given in table I. A number of approximate solutions to the pre-
ceding system of equations are possible and some of these are discussed in appendix B.

The results from the high-speed digital computer solution of the system of equa-
tions (1) to (4) including the limiting case obtained from equations (5) and (6) are given in
figure 1 for a large range of plate incidence and values of y of 7/5 and 5/3. The form
of pressure parameters is that suggested by the asymptotic solutions and allows accurate
values of pressure ratio to be obtained from a plot which covers an extremely large range
of A,

Values of the exponent n obtained in conjunction with the solution for pressure are
shown in figure 2. Knowledge of this exponent is necessary for proper evaluation of skin
friction and heat transfer. (See ref. 1.) Clearly, the values of n can differ markedly
from the value of -1/2 given by strong interaction theory even for relatively large values
of A. For large angles of incidence of the leeward surface (negative Ko), n tends to
have large negative values which in some cases exceed the limits of applicability of the
hypersonic-boundary-layer similarity theory. This problem is discussed in a later sec-
tion where the skin friction is evaluated.

Pressure Forces

If it is assumed that the induced pressure distribution on the plate is known from the
analysis in the preceding section, the effect of the boundary layer on the aerodynamic
pressure forces and skin friction may be determined. In this section only the aerody-
namic pressure forces are treated.

Average pressure ratio on a flat plate.- If the average pressure over the plate is

known, the normal and chordwise pressure forces are readily determined. The average
pressure ratio on a two-dimensional plate is defined as

L
s 1
P-E§O P dx (7

where x is streamwise distance on the plate measured from the leading edge and L is
the value of x at the trailing edge of the plate. In terms of the dimensionless boundary-~
layer interaction parameters, equation (7) becomes

o0
P=2x 25' P a (8)
L A K3
L



This statement of P has drawbacks because P (and P) — = as A —0. There is,
however, a convenient way to avoid this problem. Equation (8) can be written in the fol-

lowing form:

_ P - P,
B-p
O-my | —2 (9)
AL A, A2

Values of (P - Py)/x vary over a relatively small range and never exceed 0(1) as shown
in figure 1. For very small values of A, the values of (P - Pg)/A are close to those
given for the A =0 solution in the previous section as equations (5) and (6). For X — o,
(P - Py)/A approaches a constant which is actually the strong interaction solution; thus,
some further simplification is allowed for machine solution. Equation (9) is now written

as

P - P, Mp._p,
)\-.oo

A
2 a (10)
2

P-P (
°=2>\L
AL

AL

as A -0, (P - Po)/AL - 2(P - Po)/)\L- (See egs. (5) and (6).) The general strong inter-
action solution given in appendix B gives for the first term in equation (10)

P - Py 3 by +1) (11)
B, -5

where (Kg) n=-1/2 is obtained from equation (4). The 2; values are arbitrarily large
values of A for which P >> P,. The numerical machine solution of equation (10) (with
eq. (11)) utilized 2rj = 104. This solution is shown in figure 3. Here the average pres-
sure parameter is shown as a function of A for various surface inclinations.

The triangular planform is also of interest as a lifting device. In this case the
assumption is made (as in ref. 5) that each filament in the stream and boundary layer
over the wing remains unaffected by adjacent filaments and thus that any section of this
wing may be treated as a section of an unswept plate with the same local chord. The
average pressure ratio on the triangular plate is thus given by a spanwise integration of
the average pressures from the previous two~-dimensional solution and is expressed in
terms of the root chord c,. of the triangular planform

f:iz Px dx (12)



where x is measured along the root chord from the apex of the wing. By following the
same type of development as for the two-dimensional case, equation (12) may be written as

_ 2<P - PQ> iP-p,
P-Po_, 3 A rwoo A (13)
e, e T a3 4

Cr i CI‘ A

where xcr is the value of X based on the root chord of the triangular planform plate
and KP - Po)/il sooo 1S given, as before, by equation (11) and equation (13) is solved
numerically, As X -~ 0, (ﬁ - Po)/xcr ~8/3 (P - Po)/Ap. (See egs. (5) and (6).) This
solution giving the average pressure parameter on the triangular planform plate as a
function of the viscous interaction parameter X for a large range of similarity incidence
angle is presented in figure 4.

Normal force.~ These average pressures allow the determination of normal- and
chordwise-force coefficients as follows:

For normal force by definition;

two-dimensional planform with viscous interaction:
Cy = (1'»l - 13u)z YM, 2 (14a)
triangular planform with viscous interaction:
Cna= (31 - fu)z 7Moo? (14b)
inviscid:
Cxo = (Po,l -P o’u)2/'yM°°2 (14c)

where the subscript I refers to the lower surface of the wing and the subscript u to
the upper surface of the wing.

These equations may be rearranged into the following convenient forms:

for the two-dimensional case,

(ﬁ - Po> (P' - Po>
CN"Cleo_ ANl A /u

)‘LCN,o Po,l - Po,u

(15)




and for the triangular planform,

CNa " SN X T TUTE (16)

ACrCN,O PO,Z - Po,u

The values of the pressure parameter for use in equations (15) and (16) are obtained from
equations (10) and (13) (inviscid pressure ratios from equations (2) and (3) with K = Ky).
In addition, for X - 0,

na ~CNo 4% Sy

e, .CN,0 3 ALCN o

An example of the normal-force-coefficient parameters determined from equations
(15) and (16) for plates of zero thickness is shown in figures 5 and 6 where the parameter
is shown as function of similarity angle of attack. To aid in interpolation, the result at
zero angle of attack is shown in figure 7 although X has been removed from the normal-
force parameter in order to show more directly the effect of viscous interaction on the

initial normal-force-curve slope.

Chord force.~ For the chordwise force of a wedge-section airfoil by definition, with

base pressure zero,

two-dimensional planform with viscous interaction:
C, = (P +P )21 Y Moo? (172)
triangular planform with viscous interaction:
Cpn= <Pl + Pu>2’r/yM 2 (17b)
inviscid:
Cao= Poy + Po,u)zT/-yMooz (17c)

where 7T is the half-angle of the wedge section.

These equations may also be rearranged into the following convenient form:

for the two-dimensional case,

10
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CA~Cap X WP \UTx h

(18)
ALCA,o Po,1 + Po,u
and for the triangular planform,
(f - Po> . <f> - Po>
Caa~Ca0 \ /i A u (19)

hchA,O Po,l + Po,u

The values of the pressure parameter for use in equations (18) and (19) are obtained from
equations (10) and (13) (inviscid pressure ratios from equations (2) and (3) with K = K,).
In addition for A -0, K, -0,

Can~Ca0_,%A"%p0_,
)‘CrCA,o ALCA,o

Y

Moment coefficient and center of pressure.- In coefficient form the moment about the
leading edge of a two-dimensional flat plate is

0 L
c M, ='y—12_.2- 50 (P, - Pux ax (20)

or in terms of the boundary-layer-interaction parameters

o P, - P
c M 2=2* y L _Tugy (21)
m v bY 7\5
L
For the inviscid case,
P -P
2 o,l o,u
=_9 2
Cm, oMo = 7 (22)

and combining equations (21) and (22) yields
2

©(P-Py _(P-Pg
AC_ M 2-(c_-c_ m2-% 14 Y Je A Y Jug, 23)
mo o T YYm m,0’ e Ty N 14 (

For present purposes the most useful solution of equation (23) is obtained by separating the
contribution of the upper and lower surfaces

ac M2 - (Acmez)l - (Acmez)u (24)

11



where

(P - pc>
2y _4 A JLu
(Ac M_ )l,u =L g (25)

As in the solution to obtain average pressure, further simplification for numerical solu-
tion is possible by utilizing the strong interaction solution to obtain the first part of the
integral extending from X =~ to X =2j. (See, for example, egs. (9) and (10).) In the
present case,

A

<P-PO

2 3

AC M A P-P )

m w) ._.i(_L> PrPo) 48 | LA Jiug (26)
AL I u 3y Aq A Awoo Y AL 24

b

with [(P - PO)/ﬂA__oo given by equation (11). In the limit as A — 0, the solution becomes

AC_M —,
_mie ) A\ A /a=0 (26a)
AL, 3 Y
l,u
A=0

where EP - Po)/ﬂ a=Q is obtained from equation (5) or (6).

The individual contributions of the windward and leeward surfaces of a flat plate to
the moment coefficient are given in figure 8 as function of X for a wide range of plate
inclination. If the indication of the asymptotic results in equations (26) and (26a) are uti-
lized, however, one finds that a good approximation to the moment coefficient contribution

atall » and K, is

2
AC_M_ P - P,

=4 (26b)
7\L 3y A

The center of pressure (measured from the leading edge) is given by

Eq. (26) Ior (26b) Eq. I(22)

PR 1

"2 S 2 I 2
*cp_ CraMoo (ac,m,2), - (ac M, ,)u +Cp M, @
L 2 Cy-C
CNMoo CN oMooz (1 + g, __N.._N:Q)
? >tL?N,o
]
|

|
Eq. (14c) Eq.| (15)

2

12



The effect of viscous interaction on the center-of-pressure location (independent of y) on
a two-dimensional flat plate is shown in the following sketch. In general, as viscous inter-

action effects increase (increasing ), the center of pressure moves toward the leading
edge from midchord.

T
=

|>€
(e}
s .
J/

o
1y

I

1

102 10

As A -, X /L - 1/3 and this result would seem to be at variance with the
trend of the machine solution at large A shown here. However, this apparent discrep-
ancy is not believed to be important as the theory is generally not valid at the largest A

and the machine solution is believed to be accurate in the valid range of X. (See a later
section on "Limitations of Theory.")

In coefficient form, the moment about the apex of a delta planform wing is

c
2 _ 4 T e 2<Cr Xcg) S 5
Cm,AMoo —?c—r SO (c—r> T -1 + C (Pl —Pu)dc (28)
and for the inviscid case
2 4
Cm,o,AMoo =§ (Po,l - Po,u) (29)

where c isthe local chord of the wing measured streamwise, c, is the root chord, and
ch/ ¢ 1is the nondimensional streamwise center of pressure of the local chord element
based on the two-dimensional calculation (eq. (27)). In terms of the viscous interaction
parameter and with the use of the same procedure as for the two-dimensional case, com-
bining equations (28) and (29) yields

by 2 X P-P 1—)_1)\
2 2 8, 6 Cr ) A cp 0 0

C M “-C M “=-=2x S <——-1+ )( > —k
m,A" e m,0,A”" = v Cr o 7\cr2 C by 1 by /u

_ (l - XCP)<PO’Z - PO,“) ik_ (30)
3" C x 6

13



which is equivalent to equation (23) for the two-dimensional case. A running integration
of equation (30) could not be performed; therefore, because of machine time and complexity
considerations, equation (30) was not included in the solutions presented in this paper.

Skin Friction

Local skin-friction coefficient from hypersonic laminar-boundary-layer theory as
given in reference 1 is

C; = 0.664 K, -Rl;% (1)
where C is the coefficient in the linear law for viscosity and K1 is the coefficient
which accounts for the effect of pressure gradient on the local skin friction. Also, K1

is a function of wall temperature ratio and the value of the exponent n in a power-law
variation of wall pressure with distance from the leading edge. In the present case local
similarity is assumed; thus local values of n are used. (See statements after eq. (4)
and fig. 2.) Values for K, = f(n,T,/T,) are given in reference 1; however, for machine
computation it was convenient to determine K1 as follows:

"

K 1+n (32)

=
17 0.4696

(eq. (7) of ref. 1) where fv'v' was approximated by the following equations:

1 ™
fw 2 4
=1 b
04696 | TR TPE +cB
TW
a=0.627 + 1.830 T
7 \6/5 o ¥/ ’ (33)
= -|0.312 + 0.662(—Y +0.038 -2
Ty Tt
T /T
¢ = 0.0600e ¥/ Tt )
and 8 and n are related by
B = -——1 Y n (34)

(eq. (1) of ref. 1). Equations (33) represent an error of less than 1 percent compared with
exact values for the range 0 = 3 = 1.2; and were originally used for all the calculations.
However, it was found, after calculations were done, that for the larger negative values of
angle of incidence K,, B could exceed 1.2 by large amounts and thus K1 could have
extremely large errors. It is believed that local similarity is not valid for these cases;

14



however, in these cases the pressure is very low and it should be necessary only to insure
that K1 is of a reasonable magnitude. Thus equations (33) were used for 0 =g =1, and
for B> 1, this equation was extrapolated linearly with n utilizing the slope obtained
from equations (33) with equation (34) at g=1 or

dK
(K1)g>1 = K1) pet +< dn1>B (g>1 - Ppey) (35)

1 ‘1(27 1)
<dn>3_1 Ny o1 [+2b+4c 2(2)/__1)(1+a.+b+czl

and a, b,and c¢ are as given in equations (33).

where

Average skin friction, two dimensional.- For one side of a two-dimensional plate,
the average skin friction is defined as (and with equation (31))

0. 664\/_ P
=1 Ct dx = dR_ (36)
S 0 1VRx,oo %,

If equation (36) is put into terms of the viscous interaction parameter and normalized with
respect to the skin friction on a flat plate at zero incidence without viscous interaction
C

F.o’ there is obtained
b

(37

C o K P
F=)\§ 17 an

L
CF,O )\L 7\2

Now P —~ > as X - ° but this problem may be circumvented for purposes of numerical
integration in a manner analogous to that utilized in solving for P and P in previous
sections. In other words, a closed form solution will be obtained for A >2; and a term
determined by numerical integration will be added for X <j. Thus, equation (37) may be
written as

c Ai Ky\/P
F g 1Ky
= ——dr 38
1 n--—- A§ AL A (38)

If the flat-plate equation (eq. (11)) is used for the value of P in the left-hand integral,
the solution for equation (38) is with EP - Po)/ﬂ Ao =M

15



CF =(K) X /“P°+mx "PO+mAl+\[P_ (‘hi Klﬁdx (39a)
Cro ln-_--% LT N zr‘ % TPg + mn - By 22

For P, =0 or very small, equation (39a) is inadequate, but for Py << m), a
solution is readily determined:

C A

P o_ofky) g EBaeag
Un=-1nf3 ML

) A AL

CF,o

K P ar (390)

In the machine calculation, equation (39a) was used when P, 20.001 and equation (39b),
when P, < 0.001. Actually, there is little difference in the result if equation (39b) is
used for all the calculations regardless of the value of P,. For example, if A; is 100
times greater than P, the left-hand term of equation (39b) is only 0.1 percent different
from the left-hand term of equation (39a); if A; is only 10 times greater than P,, the
difference in the left-hand term of the two equations is still less than 1 percent.

Results from the high-speed digital computer solution of equations (39) are shown in
figures 9 and 10. Figure 9 presents results for the plate surface at zero incidence and
figure 10 shows the results for windward and leeward surfaces taken individually. Values
of \/P_o useful in determining the asymptotic values of the skin-friction ratio (A - 0) are
given in table I.

Average skin friction - triangular planform plate.- If the development in appendix C
of reference 5 is followed, the average skin friction for one side of a plate of triangular
planform may be written, the viscous interaction parameter being used, as

o0

C
Aep o AS

F,A

where, as before, A is based on the streamwise local chord and hcr is a value of X
based on the root chord. A general solution is readily obtained in the following form:

C © C
E_Ezé._ = 4Acr3 X .C_F__ S% A1)
F,0,cy cr “Foo X
where CF o.c is the average skin-friction coefficient on a two-dimensional plate at
Y1

zero incidence, whose length is the same as the root chord of the delta wing, without vis-
cous interaction. Values of CF /CF o are obtained from the previous solution of equa-
tions (39). For numerical 1ntegrat10n in this form, large values of ) are a problem; as

16



before, equation (41) is rewritten as follows:

°Fa 4,3 §°° °r o (™M Sr 42)
CF.o,cp * 7\10}?‘,0’\4 “Aep CF07t4

As for the two-dimensional case (egs. (39)), the first part of the integral can be evaluated
in closed form. For simplicity sake, only the small P, solution was made (equivalent
to the solution given as equation (39b)). As noted in the remarks after equations (39),
this simplification actually affects the accuracy of the result very little for the range of
K, considered. Thus from equation (39b), since C / Cp o~ 2(K1)n_ 1 /zf—i as

A ~ =, equation (42) may be written as

C K A C
CFA 4 38 1)n-_1/2 Sheyam, (4 °F & a3)
CFr,o,cy A9 CF oA

as A ~0, Cp A/ Focp ™ (4/3)/Po-

Results from equation (43) by the high-speed digital computer are shown in figures 9
and 11. Figure 9 presents results for the triangular planform plate surface at zero inci-
dence and figure 11 shows the results for windward and leeward surfaces taken
individually.

Total skin friction of wedge-section airfoil wing.- Summing up the contribution from

each of two surfaces of the wing yields for the two-dimensional case
C C c
rT =1< F> o E (44)
Cro,1 2 CF,ol CF,ou

where CF T = 2CF o and C =1.328 VE/\I « and values of C /C are
obtained from equatlons (39).

Similarly, for the triangular planform wing,

C C C |
SEAT 1 <_FLA__> . <_LA_> (45)
F,o,cp,T F,o,cr/; F,o,cr/y

where CF,o,cr,T =2CF,0,c, 2and CF,o,cr = 1.328y€/‘/§w,cr and values of
CF,A CF,o,cr are obtained from equation (43).

17



The Lift-Drag Ratio

The lift and drag coefficients for a two-dimensional wedge-section airfoil of hali-

CD = CN sin a + <CA + CF,T - y:/IT 2)cos a

where C A the first term in parentheses, is from the previous analysis in which the base
pressure is taken as zero and the last term in parentheses corrects the base pressure to
that of the undisturbed free stream. Expressing equations (46) as a ratio yields the lift-

drag ratio
AT
Cy- <CA + CF,T —“P)tan o
L_ Y 47)
D Cy tan a+cA+CF,T - 472
YMc,

in which the parts are readily separable into terms with and without viscous interaction

as follows:
C,-C
N N,o
Cyy=Cp olt + )\L<———’—>
N N,O ALCN,O
where equations (14) and (15) are used and
cC, -C
Co=Cp, 1+;\L<_A___A:_°>
’ A1.CALo0

where equations (17) and (18) are used, and Cg p is obtained from equation (44) with

equations (39) and CF o,T = 2.656 /C / VR, L- Equations (46) and (47) are adaptable to a
plate of triangular planform by an appropriate change of subscripts; change CN to Cy As
b

to C A, to Aeps and Roo’L to R°°,Cr‘

Ca to Cans Cpr F,A,T’

EFFECT OF VISCOUS INTERACTION ON THE LIFT-DRAG RATIO
OF WINGS WITH ZERO THICKNESS

The solutions so far presented can generally be applied to wedge-~section airfoil
wings with arbitrary angle although certain examples have been computed which
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specifically apply to plates of zero thickness. (See figs. 5 to 7 and sketch on page 13.)
When the lift-drag ratio is computed, individual cases are readily done with the use of
these graphs; however, the computation of a large number of cases can increase the prob-
lem of preparation and presentation to unmanageable proportions. Thus, in the present
case only the results for the zero thickness wing are considered.

The calculations were done for values of y of 7/5 and 5/3, the two-dimensional
and triangular planform, and wall temperature to stagnation temperature ratios in the
range 0 to 1. Required valuesof G and C were calculated as shown in appendix A.
The values of total average skin friction at zero angle of attack without viscous interaction
were found to be as shown in figure 12.

An example of the sort of curves from which (L/D)max was obtained is shown in
figure 13(a) where the lift-drag ratio is shown as a function of lift coefficient for the par-
ticular case of a two-dimensional wing in helium flow at a Mach number of 20 with adia-
batic wall conditions. In this case the effect of viscous interaction is marked even at high
Reynolds numbers. This same case is shown in figure 13(b) but the lift coefficient is
shown as a function of the hypersonic similarity angle of attack. At very small angles of
attack where CN and CL are essentially linear with «, accurate values of CL can
be obtained from the equation

o _Ky|fdCy Cy _/CF c
L,a-0 M|\ da CN,O =0 \CF,O =0 F,o,T

where, for a flat plate consistent with the hypersonic approximations so far used
(dCN/da)a:O =4/M,, and values of Cy/Cy , and Cp[Cp . at a=0 are obtained

(48)

from figures 7 and 9. The value of CF,o,T can be obtained from figure 12 or any other
laminar theory. Note that in the example presented in figure 13 (b), the curve for CL
without viscous interaction is linear up to about K, = 0.4 and for the cases with viscous
interaction the extent of linearity increases as Reynolds number decreases until for A =5
the CL curve is essentially linear up to about K, = 1.

The overall results for the effect of viscous interaction on (L/D)max are shown in
figure 14 where the ratio of (L/D);,,x With viscous interaction to the value of (L/D)pyax
without viscous interaction is shown as a function of the viscous interaction parameter .
One readily sees that there is a significant effect of wall temperature on the importance of
viscous interaction and that viscous interaction can reduce (L/D)max significantly. The
effect of temperature is ascribed to pressure-gradient effect on the skin friction since in
the present context there is no effect of wall temperature on normal force when A is
utilized as the variable. At the highest Reynolds numbers (lower values of 1), the effect
of viscous interaction is more or less independent of Mach number but is Mach number
dependent at lower Reynold/s numbers. On the other hand, the changes in (L/D)max ratio
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due to the change in planform from two dimensional to triangular in shape or a change in
y from 7/5 to 5/3 are secondary. A plot such as figure 14 is informative but is restric-
ted in usefulness. Linear theory suggests another type of presentation since according to

this theory

CA+CFT

c 2 c
Na Noz =0
CA + CF,T 0

A correlation of the present results (C, = 0) according to the parameters suggested
by equation (49) is shown in figure 15. The curves representing the (L/D)max param-
eter were found to be independent of wall temperature; however, they were a function of
Mach number. For the cases with viscous interaction the results correlate both for the
two values of y considered and for the two types of planform. For the cases without
viscous interaction, the results correlate for the two types of planform considered but
differ somewhat for the two values of .

From figure 15, values of (L/D);,,x for a wide range of conditions can be found.
To obtain the required values of CNa /CF at @ =0 with viscous interaction, figures 7
and 9 could be used but it has been found expeditious to combine these two and the result
is presented in figure 16. Thus with figure 16 only a knowledge of CN,oa (in this case
taken as 4/ M_) and CF, 0,T is required. For the original calculations, values of
CF, o,T were taken from the Monaghan T-prime method (appendix A and fig. 12) but any
other reasonable values for classical flat-plate laminar skin friction could be used such
as those, for example, from the Crocco method. In the present case to obtain CF with-
out viscous interaction for the triangular planform case, CF, o,T must be multiplied by
4/3. (See statements after eq. (43).)

LIMITATIONS OF THEORY

There are two regions on a plate where deviations from the local similarity theory
might be expected. The first is very close to the leading edge and the second is the
trailing-edge region. In the near leading-edge region the effect is noted as a departure
from the viscous interaction theory with a tendency toward a pressure plateau which has
been found in several experiments. There have been several interpretations of this effect
but, in general, the parameter determining its onset is much the same from various theo-
ries and appears to agree with experiment. Talbot (ref. 6) interprets this region of
departure as an effect of slip flow and his result for the upstream limit of applicability of
ordinary viscous interaction can be approximated as
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- ~ y+1 2
or in terms of A
T
Mjm ~0.0185(y + 1) <-Tl: + 0.3% M, 2 (50Db)

This result agrees with the limitation set by Oguchi (as given by Mann and Bradley, ref. 7)
from different considerations. A graph of equation (50b) is presented as figure 17 applica~
ble for y = '7/5; however, since the limit is not precise, the curves could be used for
values of y from 1.2 to 1.67. Since aerodynamic forces are an integration of local
values, the limits shown in figure 17 are considered to be optimistic for these forces.

The second limitation is due to the upstream influence of the pressure changes at the
wing trailing edge. This effect tends to reduce the aerodynamic forces. No definite
limits have been set for this influence which is considered by Rogers and Metcalf in some
detail in reference 8 for wings in supersonic flow. The complete pressure distributions
from flat and curved plates in references 9 and 10 tested at Mach number 6.9 indicate a
small influence of the trailing edge on the lower surface but a significant effect on the
upper surface. The Mach numbers and Reynolds numbers for the tests of references 8,

9, and 10 are widely different.

CONCLUDING REMARKS

Solutions have been obtained of the effect of viscous interaction not only on the pres-
sure and skin friction but also on the aerodynamic forces of a sharp-leading-edge flat sur-
face. The analysis assumes the applicability of laminar-hypersonic-local-similarity-
boundary-layer theory in a perfect gas with Prandtl number unity and a constant ratio of
specific heats. The results are presented in the form of correlation graphs which cover a
large range of plate incidence and viscous interaction parameter and allow the effects of
viscous interaction to be readily determined. Computations are shown for ratios of spe-
cific heats of 7/5 and 5/3 and, for the aerodynamic forces, both the two-dimensional
wing and the triangular planform wing are considered. The results indicate that the
effect of viscous interaction can reduce the lift-drag ratio significantly.

Langley Research Center,

National Aeronautics and Space Administration,
Langley Station, Hampton, Va., March 3, 1966.
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APPENDIX A
METHOD OF SOLUTION

To solve the system of equations (1), (2) (or (3)), and (4) for obtaining the pressure
distribution, the Runge-Kutta method to fourth order was used starting at the leading edge
(A = «) with the value predicted by strong interaction theory (eq. (11)) and progressing in
the x-direction. The increments in A set into the high-speed digital computer were as

follows:
N AX AX
(0=K, =3]) (Ko > [3])
>100 10 5
100 to 10 5 2.5

10to 1 025 .00125

1to 0.1 .0025 .00125
0.1 to 0.01 .00125 .000625
0.01 to 0.001 .000325 .000125

Because of the extreme sensitivity of pressure to small errors as the smallest values of

A were approached, double precision (16 significant figures) was utilized for all phases

of the calculation. Even this accuracy was not sufficient to obtain a solution at the smaller
values of A. In these cases a second-order equation was fitted between the known values
of dP/dx at A =0 (eq. (5) or (6)) and the last value of dP/dx (at AF) considered to
be given accurately by the solution to the complete equations, and the solution was then
carried out as before, except for the fixed values of dP/dx. The fit to dP/dx in these

cases was
ap . [*FE&-2d| o _[3d-2gg)  /4p
o R ) L | MR ) Y ot (A1)
da 7\F3 ' 7\F2 da =0

where

dpP
d= PF - PO + AF(E}T)K_O

g = (d_P—) - (Q)
A faap -0

The values of Ap (the switching point) used with equation (48) were as follows:
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APPENDIX A

Ky =15 Ap = 100
8 =K, =12 Ap =10
4=K,56 Ap=1
-0.75 =K, =3 Ap=0.1
-1z z-3 Ap=0.01
Ky < -3 No switch

As stated previously where the first portion of an integral was solved in closed form in
order to provide an accurate start to a solution, the interval to which the closed form
applied extended from A =< to A=) =10% (egs. (10), (13), (26), (39), and (43)).

Where coefficients and constants were needed for solving for the aerodynamic coef-~
ficients, they were taken as follows: G which relates A and ¥ is given by Monaghan

(ref. 11) as
1/3 1/2
T 4.65N - 3.65N
G=1m208Y Y W, "~ Pr Pr_ n, 12 (A2)
2 \T, 2.59

For a Prandtl number of unity, the result from equation (A2) agrees with that obtained
from laminar-hypersonic-1local-similarity-boundary-layer theory (ref. 1) where

T
G = 1.7208Y =1 _¥ , 0.3859 (A3)
2 \T,

Equation (A3) is that used for the computations in this paper.

The coefficient C in the linear formula for viscosity is according to the T-prime
method

' T
C = M o A4
Lo T (Ad)
where the prime designates evaluation of the parameter at the reference temperature
(T-prime). For the temperature ratio T'/T., Monaghan's constants were used so that

(for Np, = 1)
T' Ty -1 2
=— =0.468 + 0.5322 + 0.195Y —=M__ (A5)
Two T 2

Calculations were done for air and helium. For air, Keyes' three-constant modified

Sutherland formula was assumed to apply for viscosity (ref. 12) and for helium a power
law was assumed to represent the viscosity so that C was given by
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.. (T,)k/'roo +122.1% 10'(5/'1’00))J
Te) \ 10 3 122.1 x 10-(6/T")

with T' and T_ in OK, where

Gas v k l j I
Air 7/5 1/2 1
Helium | 5/3 | -0.353 | 0

(A6)



APPENDIX B
APPROXIMATE SOLUTIONS FOR VISCOUS INTERACTION
PRESSURE DISTRIBUTION

To first order for values of P greater than but not too close to 1, equation (2) may
be written as

P=14+ ”(7—2“'121(2 (B1)
Combining equation (B1) with equation (1) and with K=K, + K; and K, = 1

\]P—-T=,’W—2+1—)E{O+V%<l+2—},g%>] (B2)

If furthermore dP/d\ is assumed to be essentially constant so that dP/dx may be
taken as (P - Pg)/) without large error, equation (B2) becomes

x=2/ 2P Nr_Koqﬁx;_ll

(B3)
Vrlr + I)L 5 Po
P
where equation (B3) is applicable to both positive and negative Ko
If equation (B3) is restricted to K; 20,
A
L _o [ 2P /\/P—l—\/Po-l
Vrlr + 1)\ 3 . Pg (B4)
P

Equations (B3) and (B4) have the disadvantage that P is not an explicit function of
A; however, they do show the proper behavior of P with A and equation (B4) exhibits
the peak in (P - Py)/A given by the "exact' solution (fig. 1). The accuracy, compared
with the "exact' solution, increases as K, increases. Although K, has been assumed
as unity in this solution, the value of (P - Pg)/x for a value of K, other than unity may
be obtained by simply multiplying the value of (P - Pgy)/x for K4 =1 by the proper
value of K4.

Further approximations of equation (B4) allow the pressure parameters to be made
a function of A. For one solution let P — Py thus,

E=Po_ oy +1Be-l (85)
0
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APPENDIX B

Equation (B5) is a slightly less restrictive form of the "'exact" result for K, =« with
A =0 given after equation (5). It may be noted that the equation for = js equiva-
lent to that given in reference 4. Equation (B5) is reasonably close to the exact result
from equation (5) down to Kg = 0.5.

Another solution may be obtained for P >> P, (large 1), and equation (B4)
becomes

'PO
Y =

b,(.y_,_l' \[3),(7,_,_1P 1_3P0+1 (B6)

§
2\ by 4
For X — o, only the first term remains; thus

P-Py 3hy+1)
=3\ g (B7)

Equation (B7) is the same as equation (11), except for K, which can be put in as a multi-
plication factor as discussed after equation (B4).
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TABLE I.- VALUES OF SEVERAL USEFUL ASYMPTOTIC PRESSURE PARAMETERS

Po VPo <P - Po> Po VP P - Po)
K, A /=0 A /a=0
y="1/5 y=5/3
w w0 w 2.5923 w0 w 2.9814
15.0 380.16 19.498 2.5849 502.25 22.411 2.9748
12.0 244.08 15.623 2.5809 322.25 17.951 2.9711
10.0 170.16 13.045 2.5759 224 .47 14.982 2.9666
9.0 138.24 11.758 2.5722 182.24 13.500 2.9632
8.0 109.67 10.472 2.5670 144.46 12.019 2.9584
6.0 62.625 7.9136 2.5484 82.231 9.0681 2.9414
5.0 44.136 6.6435 2.5305 57.779 7.6012 2.9249
4.0 29.000 5.3852 2.4997 37.764 6.1452 2.8960
3.0 17.208 4.1483 2.4409 22.180 4.7096 2.8399
2.5 12.560 3.5440 2.3903 16.043 4.0054 2.7905
2.0 8.7337 2.9553 2.3136 11.000 3.3166 2.7136
1.5 5.7153 2.3907 2.1945 7.0355 2.6525 2.5896
1.0 3.4727 1.8635 2.0096 4.1142 2.0283 2.3870
75 2.6239 1.6198 1.8852 3.0225 1.7385 2.2448
.50 1.9408 1.3931 1.7388 2.1562 1.4684 2.0727
.25 1.4064 1.1859 1.5741 1.4919 1.2214 1.8756
.15 1.2297 1.1089 1.5050 1.2762 1.1297 1.7924
.10 1.1487 1.0718 1.4701 1.1781 1.0854 1.7504
.05 1.0721 1.0354 1.4350 1.0862 1.0422 1.7085
0 1 1 1.4000 1 1 1.6667
-.05 .93207 .96544 1.3653 .91940 .95885 1.6252
-.10 .86813 .93173 1.3310 .84408 .91874 1.5840
-.15 .80798 .89888 1.2974 17378 .87965 1.5432
-.25 .69834 .83567 1.2315 .64723 .80451 1.4627
-.50 417830 .69159 1.0758 .40188 .63394 1.2679
-.75 .32058 .56620 .93256 .23730 48713 1.0825
-1 .20972 45795 .80141 .13169 .36289 .90722
-1.5 .082354 .28697 .57395 .031250 .17678 .58926
-2.0 .027994 .16731 .39040 .0041152 .064150 .32075
-2.5 .0078125 .088388 .24749 .0001286 .01134 .11340
-3.0 .0016384 .0404077 .14167 0 0 0
-4.0 .0000128 .003578 .02504
-5.0 0 0 0
-6.0
-8.0
-9.0
-10.0
-12.0
-15.0 ! ! 3

28




30
T S e A A e e e
= i R \_\__«w\“\ " \M\\ \\\ \\\\\m - ‘ —
AR\ A 7177 T
vy b e v ey el =
(7 0 N
< . w AV I \ ___. m
S = .A..;.UM.,J,MNJ.? =h SEE -
_A\/\/_: 7 - VA 7 \\ \ ]
| AANE| _ I AN
WA — T
7A/,\,_ﬂ A a4 \.. AR
oK A S/ I o
B e e T ey e S S e
: N -
\ N V4 AN
RN Y { N,
R\ i-// /v/
: :
/ﬁlx//, N NN -
- f— EIMHMH.MM.Wilu/‘l.-w,w.ﬂl»tumwmffi,/ [ ——— Ul
M //A.‘ = |J/ N ST R -
ATy ./w.x//llu/m/.ﬁ. SV SN —
JPS L R N N P N E ANV N NN
IR NN NN
KL.W(_ _/ ) vk ' . \ LIS "o
— —F ,,A.:J mﬂ;? ]Ml / x_/ ,. /M // /_/ Mﬁ //
| , ooty A
| 1 R
o T r . i ——— r”lll._llt m
- - T
. 1
C ! i " 1 ] ._ _. ._ "
R _ ! ! “ ' “ oy
TR T T ey MR iR
Dlo
1 <

@) y = 7/5; windward surface.

Figure 1.- Pressure ratio parameter as a function of the viscous interaction parameter

for a flat plate at various inclinations to the undisturbed flow.
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Figure 1.- Continued.
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1/5; leeward surface.

Figure 3.- Continued.
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Figure 10.- Continued.
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Figure 10.- Continued.
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Figure 10.- Continued.
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Figure 11.- Continued.
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Figure 11.- Continued.

(h) v

—_
1
[Te ] — vCl
@ =] ) ' A.. -
T T T = Ll &
T I T 11 o L
T = N Y * y "_ Q
ST -
~ ~T o o
s N T ™ < — o~ — =, ~N
- Hitt L[ %S T JEERREN e SRt : :
i ~, o TS et
] : o ) !
© il ~ | / “__ Ly v X; = - 5
=] 2 Tt~
E i B S ] = = Tt
EREE=R= = X ; =
< | Y + I
= e N\ i t = B
= N \ = ; !
EE === \ ! // == === e "_
N AN — [l . 3\ A _0 Y = P~
= = 5
= == : Nt ; N s
; WTM%,;. e m— v ; Sy H
Y C ' 3
s = Wi e Y 11 ! ; S m.
N, . A"
N K IR \ \ 1\ ! y AN W i w P
e oyl Ty [\ \ \ i ; 5
Y ) ; a aw—— iaa
S { ¥ \ I r T o T
e | @ ; 1 R
mllmﬂ e e S == ey
SRR s === e ==
o 2L YRR o it T s 3
<r — X i) t .t {w
== TRy i : ¥ =oeh
1y SACCIGIN 11 3. N /
ol AL VR YL 5 ) e e | — 1 Y A}
=l X = £ s g e o i o ot £ i o
— £ 3 ~
f ! =0 =
- t ; e e
} i I [ i ,
t T
1 T 1 L AY AY 18,
T i S x
= = e s o
N \
5, o I i o
1 =X
, =
& 2 e et e e
AN — : T - -
uﬁ e ——— P e
= T : S ===
M= s v e ;
=
— v\ O T Gi=— =
| N i AY 1 . [T
= e owm_ = ==== ; e
= : S 1 ==
= Jo% T i ==
N } 5 e
= oS t |
1 T L
= Al AY X I T {1 1
1 T i = —H—
A} AY AN
1 A - 1 ==
—_ S ) f t P
§ 8§ = ~ s

10



['ed
K i
” o \ )
e T =] ™
t T ——
sl I\
SriEE o
T : o
30 K o~ T . —
e == s W LSS N N A Eemne : ; SNz =
4 S |
DL S Eipuiiit ERD U __J/ H b . i |
——raaa s NS ! . ! ! . o AN ]
e ,./I[/”IIIFT 11// i 1! I 2HT 1
0 3 : 3 : N = N P
ExEEa = SR EeeesoRe g EEE =
= i ST EFTT
< == NS ERERY LAY
== N I N f 5
= SN N , = = x
SO TN :
1 ' ™ =
[N o o\ =\ \ =t i
X Foas o = ) Ty
S, Ay o ~ Y — 1) Y p
P A Y / uu h LYk % -t T
e T \ E \ aan _ B
o NS I RN ] !
o L NN ) i :
— % N =
s ul i
— : T
he 1Y 3 1
A J el T i)
] N | 1
ECEiERR RN T o E B
EEgnc 5 =
S=p X
Py == 5
< - o T
S B ;
: o
ESHE: 35 = == Eees
E=t LS = £
R=} m
mmﬁ ! i 7
= .
k)
=}
— T
b T )
MI ) T
i I ] ] e
i
\O == E=5 B
< = f
= . I S .
T Ad T . Y
N S —
== 3
]
NEE i = BT
i 5 ;
o i i 3
T LT ]
- L i AR N} : T
I ; :
m TN T M
—_ i o [T i)
—
g & =

Wy

5/3; Ty/Ty = 0.6.

Figure 11.- Continued.

72



73

m gy AN

1

i

10-1

I

1072

T, et

0.4.

10-3

C

Figure 11.- Continued.

Gy =53 T,/

HHE




w0
[7e) -
= | \n \
S
_ < S
~e - w| <
eT [&) iy
i 7 d
A T~ o o o
o > 2 &< L] < & - < o~ — =t o~ —
[ e v t— g T —
,Ill\lll‘ll{'l“. !I /— _ __ ——r Juﬂ/—/ T _hh
P L /.// VJIIIA 1 i — : _ﬂ“.
Jo e —— ) // in T W 152
O == — (=T === M Y Au/u =TT = = ey
B o~ = e e e e = =
e ~ o WY = : == & =
e e :
< == ; AWY = : } e : <
I —————— N Y H T == L
e fe e I — it ) x a— e
smmrmeeme \ | | NEAS = === e e
e e / i | A o ! it X X H
e N \ I ) ¥ = \ T ik
ok e o= o i =y i o~
e T o e e v A% ! ! = é-
ww/‘% o —— U . L ul ) R
= BT A A )Y hY ! ) AN
oL, Y ' 1 Y \
Q= % )
Botae [ F , _
LY Yy / 41 - 1) 1 ”
e [T - w
= oS (=3
== =X n ==
o X=X o =
<r o R } I
T4 T T W WA, it B I ) 1.
IR BRN.Y — X AN T Il . 1.
=oieieeees = ey
= ; e ;
~ | 5 o\
% 5
v ‘ S
¥ 3 =y
e e L ree) ATAWAY 3,
—_— i) Iy AWRAY)
Ju—; 1Y A X
== ) Y LAY
=) 1 Y AW
- 1 X oS R
T P e t
Y i e
1 L pURA A 3 I3 1}
_P L} _f AY \ Il t ) T 1
N = nb, X E=o=t;
=5 e E e 2
<= EEEmnas: 1 S 5
HE e i %
e ; =X REL \: g gt
ety R : ===
r
o~ w S t
T t t A aa T T
I N T
HA AW] T
& X iR
i i ki it
~{
g 8 9 = o~ - <

)y =5/3 T,/ =02
Figure 11.- Continued.
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Figure 11.- Concluded.
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Figure 12.- Total average skin friction without viscous interaction for a two-dimensional flat plate at zero angle of attack utilizing

Monaghan's method. Sharp leading edge and Prandtl number 1.
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Figure 13.- Example of lift and drag results obtained with and without the effect of viscous interaction. Two-dimensional zero-thickness flat plate
with adiabatic wall temperature at Mach number 20 in helium flow.
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